In this work we present a new function to represent the approximate solution of a system of three charged particles. This function is based on an extension to two variables of the confluent hypergeometric function 1 F 1 of Kummer and can be obtained using a method similar to that used by Appell and Kampé de Fériet. We analyze the general properties of the function such as integral representations, series expansions, and asymptotic limits. We also show that the proposed functions verify a relation similar to that satisfied by the exponential and trigonometrichyperbolic ones. A generalization to n-dimension is also presented. The mathematical properties of the functions indicate that they are suitable to be included in computation of electronic emission in collision processes.
I. INTRODUCTION
Many functions, very common in the solution of wave equations of various kinds, are special cases of the hypergeometric functions ͑Whittaker and Watson, 1 Sneddon 2 ͒ or its close relative the confluent hypergeometric function. A few examples are the Bessel functions, the Laguerre functions, and the Airy functions. In particular, the solution for one of the most important problems in physics, the two-body Coulomb problem, comes in terms of hypergeometric functions. 3, 4 The dynamics of the problem in the different regions of the coordinates space can be analyzed through the different properties of the Kummer functions. [3] [4] [5] On the other hand, different approximated solutions for the three-body Coulomb problem are written in terms of hypergeometric functions. [6] [7] [8] [9] The approximate solution known as C3 is given by the product of three two-body Coulomb problems and in this way its dynamical properties depend on the Kummer function properties. Recently, the authors and co-workers introduced a new approximate solution for the three-body problem that can be written in terms of the degenerate Appell functions called ⌽ 2 by Horn. 10, 11 The function ⌽ 2 can be obtained by a confluence process starting from the Appell hypergeometric function F 1 or F 2 ͑Ref. 12͒ and in this way is a confluent hypergeometric function in two variables that can be interpreted as the two-variables generalization of the Kummer function.
From the mathematical point of view, Erdélyi performed a detailed study of the ⌽ 2 hypergeometric function given different integral representations and asymptotic forms. 13 In 1941, Burchnall and Chaundy presented a method to express different hypergeometric functions as expansions in terms of Kummer functions.
Based on the works of Appell and Kampé de Fériet, 10 Erdélyi, 13 and Burchnall and Chaundy, 14 it is possible to perform a carefull study of the dynamical properties of the three-body Coulomb problem modeled by the ⌽ 2 approach. 9, 15 This function fulfills the Redmond asymptotic conditions for Coulomb potentials. The reduction to the two-body Coulomb problem is also verified when each of the charges are switched off. Nevertheless this function does not completely fulfill the Kato cusp's conditions that relate the wave function and its derivatives when one of the coordinates goes to zero. 16 The ⌽ 2 state is regular at the origin of coordinates, but does not verify these conditions on the derivatives.
In this work we propose a new hyperbolic-hypergeometric function based on physical arguments which retains the mentioned properties and improves the model including the Kato cusp's conditions in both the coordinate and momentum space. The new hyperbolic-hypergeometric function ͑called ⌽ c ͒ gives rise to other three related functions (⌽ s ,⌽ Ϯ ). We present a brief statement of the problem in Sec. I. In Sec. II we obtain the ⌽ c function and show the relations with the ⌽ 2 function of two variables. We describe different properties of the new functions, with particular emphasis in the asymptotic behavior of ⌽ c . Also we derive different integral representations and series expansions. In Sec. III the functions ⌽ s , ⌽ ϩ , and ⌽ Ϫ are obtained from the analysis ⌽ c . In Sec. IV the derivatives of the functions ⌽ c , ⌽ s , ⌽ ϩ , and ⌽ Ϫ and the connection between them and the hyperbolic-trigonometric functions is presented. Finally we outlook further extensions and applications of this set of functions. The appendix outlines the method to generalize these functions to more variables.
II. STATEMENT OF THE PROBLEM
Let us consider a system of three charged particles in the continuum, labeled by iϭ1,2,3. The relative coordinate r i represents the distance between the particles j and k. The exact wave function describing the evolution of this system ⌿(r 1 ,r 2 ,r 3 ) is not known in the general case and some physically based approximations are needed. Furthermore, all the approximate states obtained should verify the correct boundary conditions of the Coulomb potential. When all particles are far from each other, the wave function must satisfy the Redmond's conditions. 17 In the case of outgoing waves, we have
On the other hand, the wave function should be regular at the origin of coordinates r j ϭ0. In 1951, Kato showed that there exists a solution of the Schrödinger equation for a system of charged particles. This equation presents as many singular points as particles involved in the system. These points corresponds to the conditions ͉r j ͉ϭ0, jϭ1, 2 or 3. Besides the solutions ⌿(r 1 ,r 2 ,r 3 ) should be regular in the coordinate space, that is to say,
where C is a finite number. A second condition related with the momenta of the particles in the singular points can be stated as The ⌽ 2 approach can be considered as the next step in the approximated solution of the wave equation for a two heavy and one light particles system. In this solution the motion of the heavy partners is described by a two-body function, while the electron-ions interactions are described in a correlated way through the Erdélyi ⌽ 2 hypergeometric function. 8, 13 This function has been successfully included in undistorted and distorted wave treatments of the ion-atom collision process. 4, 19 The only drawback of this function is that it does not verify the Kato cusps condition already mentioned. The introduction of the correlation between the motions of the particles implies the generalization of the simple two-body solution given by the Kummer function.
The simplest way to perform this is to include more parameters, giving rise to the p F q generalized functions. These functions are well documented in the literature. 20 On the other hand, we can generalize the Kummer functions by increasing the number of variables. Starting by the series expansion
we can write the product of 1 F 1 (b,c,x) times 1 F 1 (bЈ,cЈ,y) as follows:
where (␤) m is the Pochhammer symbol given by ␤(␤ϩ1)¯(␤ϩmϪ1). This series does not give us anything new since it is simply the product of two Kummer functions. However, if one or more of the two pairs of products ͑ ␤͒ m ͑ ␤Ј͒ n ͑ ␥͒ m ͑ ␥Ј͒ n are replaced by a composed product of the general type
we are lead to some entirely new functions. This procedure has been followed by Appell and Horn to derive the complete set of second order two-variables hypergeometric functions. 11 If we replace ͑3͒ in ͑2͒ we get the confluent hypergeometric function called ⌽ 2 by Horn:
Other confluent hypergeometric function can be obtained using ͑2͒ or the product of confluent and Gauss functions and replacing appropriately different pairs of pochhammers. Burchnall and Chaundy 14 using an operational technic gave a set of 26 expansions of hypergeometric functions, with some of them of confluent type. They showed that the ⌽ 2 power series ͑4͒ can be rewritten as follows in terms of Kummer functions:
where
This function has been used several times in physical problems. Olsson applied it in nuclear physics. 22 Recently, the author and co-workers made use of the ⌽ 2 (␤,␤Ј,␥,x,y) as a partially separable approximated solution for the three-body Coulomb problem ͑called the ⌽ 2 model͒. 8, 9 The study of the physical properties of the ⌽ 2 model has shown that the Kato's cusp conditions are partially satisfied. The condition imposed by Kato over the first order derivative of the wave function means that the coefficient in the power expansion ͑4͒ should satisfy the following relation:
which is not satisfied by the ⌽ 2 function.
To obtain a function with correct Kato conditions, we introduce a new kind of generalization, similar to the one discussed before. Replacing the product of Kummer functions in the series ͑5͒ by its generalized form ⌽ 2 in the following form:
where the (Ϫ1) m is included to solve the problem with the Kato condition, we get a new kind of hypergeometric function:
which we will call ⌽ c (␤,␤Ј,␥,x,y). We should note that by the same method we can introduce a complete set of hypergeometric functions starting by the set given by Burchnall and Chaundy.
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III. PROPERTIES OF THE ⌽ c FUNCTION
Some simple properties of the ⌽ c function when the parameters or the variables are zero can be obtained using the reduction properties of the ⌽ 2 one:
Introducing a useful relation satisfied by the ⌽ 2 function
we get the following series expansion in the case in which the variables satisfy the condition x ϭy:
A. Asymptotic expansion
In this section we introduce expressions for the different asymptotic regions. First we analyze the asymptotic form of ⌽ c for large values of ͉x͉, ͉y͉, and ͉xϪy͉. Then, we present expressions for the situation in which ͉y͉→ϱ and x remains small.
Large arguments
To analyze these regions we use the asymptotic form of the function ⌽ 2 (␤,␤Ј,␥,x,y) for large arguments, that is to say ͉x͉, ͉y͉ and ͉xϪy͉→ϱ. Following Erdélyi, 13 we write the asymptotic form of ⌽ c (␤,␤Ј,␥,x,y) in terms of Whittaker-type functions z 4 ,z 5 ,z 6 .
Using the asymptotic expression of the ⌽ 2 and replacing it in ͑7͒ we get
͑8͒
where 
Small x,y\ؕ
From Eq. ͑7͒ and using the asymptotic form of the ⌽ 2 in the case in which y→ϱ and x 5 remains small 
A similar expression for small ͉y͉ and large ͉x͉ can be obtained.
B. Integral representation
In this section we analyze two kinds of integral representations based on the two given for the ⌽ 2 hypergeometric function. This integral representations can be used to obtain analytical transition matrices for a variety of collision processes in atomic physics.
Single integral
We start rewriting ⌽ c (␤,␤Ј,␥,x,y) using the following integral representation for the ⌽ 2 (␤,␤Ј,␥,x,y) function: 
The function 2 F 1 (a,b,c,x) represents the Gauss function, 21 and the function F N (␣,␤,␤Ј,␥,x,y) can be obtained from
by the substitutions 
Double integral
Starting from the integral representation of the ⌽ 2 function
and replacing it in ⌽ c ͓Eq. ͑7͔͒, we get
The series which appear in the last equation can be added, giving the following result: 
IV. THE HYPERBOLIC-HYPERGEOMETRIC FUNCTIONS
In this section we study the function ͑11͒ obtained in the last section corresponding to ␥ ϭ1 and 2. It is possible to verify that the function 1 F 2 (␥Ϫ1, 1 2 (␥Ϫ1),␥/2,uvxy/4) can be written in terms of the functions cosh(ͱuvxy) and sinh(ͱuvxy). Thus, the function ⌽ c given for ␥Ͼ2 can be rewritten in terms of the ⌽ c function for ␥ equal to 1 and 2. That is to say, it is possible to obtain continuity relations similar to the ones obtained for the hypergeometric function ⌽ 2 and use them to write the function ⌽ c as a sum of functions corresponding to ␥ϭ1 and 2.
Using the relation between exponential and hyperbolic-trigonometric functions it is possible to rewrite ͑11͒ as follows: that is similar to the starting point of this work. The hypergeometric functions ⌽ s ,⌽ c ,⌽ Ϯ constitute a set similar to the corresponding to the exponential and trigonometric-hyperbolic functions:
Using the series expansion for the exponential function in the definitions for ⌽ ϩ and ⌽ Ϫ we can write
Using now the relations
,␥ϩm,x,y ͪ , which are the series expansions for the functions ⌽ Ϯ (␤,␤Ј,␥,x,y) in terms of the hypergeometric function ⌽ 2 (␤,␤Ј,␥,x,y). Furthermore, using the series expansion for the hyperbolic function 21 it is possible to write ͑14͒
,␥ϩ2mϩ1,x,y ͪ .
A. Derivatives of ⌽ Á and ⌽ c,s functions
In this section we will write the derivatives of ⌽ Ϯ for the case in which ␥ϭ1,2. we can write
,␥ϩ1,x,y ͪ .
With these expressions we can write the derivative of ⌽ c (␤,␤Ј,␥,x,y):
In a similar way, for the ⌽ s (␤,␤Ј,␥,x,y) we can get
We can see through the obtained expressions, that the derivatives of ⌽ s and ⌽ c satisfy relations which mix the trigonometric and the hypergeometric ones. For example, the derivative of ⌽ s is written in terms of the same hypergeometric but with the parameters added in one, and besides depend on the ⌽ c . The first term is a typical form for the derivative of a hypergeometric function; the second a typical trigonometric relation.
B. Expansion in terms of Kummer functions
In this section we will introduce a series expansion for the function ⌽ c (␤,␤Ј,␥,x,y) in terms of the Kummer function. Starting from ͑7͒ and using ͑5͒ we obtain
Now, applying the general relation:
to our particular case we get for ⌽ c (␤,␤Ј,␥,x,y),
The obtained expansion in terms of Kummer functions has some advantages in comparison with the power series one. The convergence is fast and only a few terms are necessary for most of the physical interest. By the other side, the representation ͑15͒ allows us to compute transition matrices for ion-atom collision by using the same procedure used in previous works. 15, 19 In Fig.  1 we show the calculation of the double differential cross section for the ionization of helium by proton impact. The energy of the incoming proton is 1.5 MeV. We plot the energy of the ionized electrons as a function of its energy and for two different angles of emission. We compare the result obtained by using the continuum correlated wave model based in the ⌽ c wave function 19 plotted with full line with the well-known continuum distorted wave-eikonal initial state ͑CDW͒ 23 with broken line. We see that some differences around the electron capture to the continuum peak but we are not sure if this effect is due to the inclusion of the Kato cusp conditions or due to the correlation introduced in the wave function. In the autoionization of atoms excited by ion impact process the Kato cusp conditions are more relevant than in ionization itself, so we are working on that process to perform in future works a comparative analysis between the CDW, the ⌽ 2 model and the ⌽ c one.
V. SUMMARY
In this work we have introduced a new set of functions through a substitution method similar to the used by Appell and Lauricella. 10 The function ⌽ c is well founded on physical grounds. The other three ⌽ s and ⌽ Ϯ , were introduced resulting from the study of the ⌽ c one. We have analyzed different properties like reduction in terms of coefficients and variables. We have introduced different integral representation and series expansion, and the derivatives of all the functions were showed as well as the connection between them.
These functions verify the required physical conditions of a Coulomb many-particle system as can be derived from their mathematical properties. In particular, they fullfil the Kato cusp conditions that were not satisfied by previous generalizations of the Kummer function. Besides of the Redmond asymptotic behavior and the reduction to a two-body Coulomb problem when each of the charges are fixed equal to zero.
We have applied this wave function calculating the double differential cross section for single ionization of He by proton impact. Furthermore, we have contrasted our results with the wellknown CDW-EIS theory. Similar expressions can be written for ⌽ s (n) , ⌽ (n) ϩ , and ⌽ (n) Ϫ .
